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A NOTE ON DEGENERATE MULTI-POLY-BERNOULLI NUMBERS AND
POLYNOMIALS
TAEKYUN KIM AND DAESAN KIM
ABSTRACT. In this paper, we consider the degenerate multi-poly-Bernoulli numbers and polyno-
mials which are defined by means of the multiple polylogarithms and degenerate versions of the
multi-poly-Bernoulli numbers and polynomials. We investigate some properties for those numbers
and polynomials. In addition, we give some identities and relations for the degenerate multi-poly-
Bernoulli numbers and polynomials.
1. INTRODUCTION
For 0 6= λ ∈ R, Carlitz considered the higher-order degenerate Bernoulli polynomials given by
(1)
(
t
(1+λ t)
1
λ
)r
(1+λ t)
x
λ =
∞
∑
n=0
β
(r)
n,λ (x)
tn
n!
, (see [3]).
When x= 0, β
(r)
n,λ = β
(r)
n,λ (0) are called the higher-order degenerate Bernoulli numbers.
For k ∈ Z, the polylogarithm function is defined by
(2) Lik(x) =
∞
∑
n=1
xn
nk
, (see [1,9,17]).
Note that Li1(x) =
∞
∑
n=1
xn
n!
=− log(1− x).
As is known, the poly-Bernoulli polynomials are defined by
(3)
Lik(1− e
−t)
et −1
ext =
∞
∑
n=0
PB
(k)
n (x)
tn
n!
, (see [9]).
When x = 0, PB
(k)
n = PB
(k)
n (0) are called the poly-Bernoulli numbers. Note that PB
(1)
n = Bn(x),
where Bn(x) are ordinary Bernoulli polynomials given by
∞
∑
n=0
Bn(x)
tn
n!
=
t
et −1
ext , (see [1−21]).
The polyexponential function was introduced by Hardy. Kim-Kim recently introduced a modified
version of that, called the modified polyexponential function, which is given by
(4) Eik(x) =
∞
∑
n=1
xn
(n−1)!nk
, (see [8,11,13−15]).
Note that Ei1(x) = e
x−1.
They also introduced the type 2 poly-Bernoulli polynomials given by
(5)
Eik
(
log(1+ t)
)
et −1
ext =
∞
∑
n=0
B
(k)
n (x)
tn
n!
, (see [8]).
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Note that B
(1)
n (x) = Bn(x), (n≥ 0).
The degenerate exponential functions are defined by
(6) exλ (t) = (1+λ t)
x
λ , eλ (t) = e
1
λ (t) = (1+λ t)
1
λ , (see [8]).
Here we observe that
(7) exλ (t) =
∞
∑
n=0
(x)n,λ
tn
n!
, (see [8]),
where (x)0,λ = 1, (x)n,λ = x(x−λ ) · · · (x− (n−1)λ , (n≥ 1).
It is well known that the Stirling numbers of the second kind are defined by
(8)
1
k!
(et −1)k =
∞
∑
n=k
S2(n,k)
tn
n!
, (n≥ 0), (see [8,9,11,14,15]).
For k1,k2, . . . ,kr ∈ Z, the multiple polylogarithm is defined by
(9) Lik1,k2,...,kr (x) = ∑
0<n1<n2<···<nr
xnr
n
k1
1 n
k2
2 · · ·n
kr
r
, (see [20]),
where the sum is over all integers n1,n2, . . . ,nr satisfying 0< n1 < n2 < · · ·< nr.
About twenty years ago, the first author introduced the generalized Bernoulli numbers B
(k1,k2,...,kr)
n
of order r (see [10]) which are given by
(10)
r!Lik1,k2,...,kr(1− e
−t)
(et −1)r
=
∞
∑
n=0
B
(k1,k2,...,kr)
n
tn
n!
.
Actually, the r! in (10) does not appear in [10]. However, the present definition is more conve-
nient, since B
(1,1,...,1)
n = B
(r)
n are the Bernoulli numbers of order r (see (15)). These numbers would
have been called the multi-poly-Bernoulli numbers, since it is a multiple version of poly-Bernoulli
numbers (see (3)). Furthermore, we may consider the multi-poly-Bernoulli polynomials, which are
natural extensions of the multi-poly-Bernoulli numbers, given by
(11)
r!Lik1,k2,...,kr (1− e
−t)
(et −1)r
ext =
∞
∑
n=0
B
(k1,k2,...,kr)
n (x)
tn
n!
.
The multi-poly-Bernoulli polynomials are multiple versions of the poly-Bernoulli polynomials in
(3). We let the interested reader refer to [1] for the detailed properties on those polynomials.
In this paper, we consider the degenerate multi-poly-Bernoulli numbers and polynomials (see
(16)) which are defined by means of the multiple polylogarithms and degenerate versions of the
multi-poly-Bernoulli numbers and polynomials studied earlier in the literature (see [2]). We inves-
tigate some properties for those numbers and polynomials. In addition, we give some identities and
relations for the degenerate multi-poly-Bernoulli numbers and polynomials.
2. DEGENERATE MULTI-POLY-BERNOULLI NUMBERS AND POLYNOMIALS
From (9), we note that
d
dx
Lik1,k2,...,kr(x) =
d
dx
∑
0<n1<n2<···<nr
xnr
n
k1
1 n
k2
2 · · ·n
kr
r
(12)
=
1
x
∑
0<n1<n2<···<nr
xnr
n
k1
1 n
k2
2 · · ·n
kr−1
r
=
1
x
Lik1,k2,...,kr−1(x).
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Let us take kr = 1. Then we have
d
dx
Lik1,...,kr−1,1(x) = ∑
0<n1<n2<···<nr−1
1
n
k1
1 n
k2
2 · · ·n
kr−1
r−1
∞
∑
nr=nr−1+1
xnr−1.(13)
=
1
1− x ∑0<n1<n2<···<nr−1
xnr−1
n
k1
1 n
k2
2 · · ·n
kr−1
r−1
=
1
1− x
Lik1,k2,...,kr−1(x)
Thus, by (13), we get
(14) Lik1,1(x) =
∫
1
1− x
Lik1(x)dx.
By integration by parts, from (14), we note that
Li1,1(x) =
∫
1
1− x
(− log(1− x))dx =
1
2!
(
− log(1− x)
)2
.
By induction, we get
Li1,1, . . . ,1︸ ︷︷ ︸
r−times
(x) =
(−1)r
r!
(
log(1− x)
)r
, (r ∈N),(15)
=
∞
∑
l=r
S1(l,r)(−1)
l−r t
l
l!
=
∞
∑
l=r
|S1(l,r)|
t l
l!
where S1(l,r) (respectively, |S1(l,r)|) are the signed (respectively, unsigned) Stirling numbers of
the first kind.
Now, we consider the degenerate multi-poly-Bernoulli polynomials which are degenerate versions
of the multi-poly-Bernoulli polynomials in (11) and given by
(16)
r!Lik1,k2,...,kr (1− e
−t)(
eλ (t)−1
)r exλ (t) =
∞
∑
n=0
β
(k1,k2,...,kr)
n,λ
(x)
tn
n!
.
When x= 0, β
(k1,k2,...,kr)
n,λ
= β
(k1,k2,...,kr)
n,λ
(0) are called the degenerate multi-poly-Bernoulli numbers.
From (16), we note that
∞
∑
n=0
β
(k1,k2,...,kr)
n,λ
(x)
tn
n!
=
r!Lik1,k2,...,kr(1− e
−t)(
eλ (t)−1
)r exλ (t)
=
∞
∑
l=0
β
(k1,k2,...,kr)
l,λ
t l
l!
∞
∑
m=0
(x)m,λ
tm
m!
(17)
=
∞
∑
n=0
(
n
∑
l=0
(
n
l
)
(x)n−l,λ β
(k1,k2,...,kr)
l,λ
)
tn
n!
.
Thus, by (17), we get
(18) β
(k1,k2,...,kr)
n,λ
(x) =
n
∑
l=0
(
n
l
)
(x)n−l,λ β
(k1,k2,...,kr)
l,λ
, (n≥ 0).
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From (1), (15) and (16), we note that
(19) β
r−times︷ ︸︸ ︷
(1,1, . . . ,1)
n,λ
(x) = β
(r)
n,λ
(x), (n≥ 0).
Proposition 1. For n≥ 0, we have
β
(k1,k2,...,kr)
n,λ
(x) =
n
∑
l=0
(
n
l
)
(x)n−l,λ β
(k1,k2,...,kr)
l,λ
,
β
r−times︷ ︸︸ ︷
(1,1, . . . ,1)
n,λ
(x) = β
(r)
n,λ
(x).
From (16), we note that
∞
∑
n=0
β
(k1,...,kr)
n,λ
(x)
tn
n!
=
r!(
eλ (t)−1
)rLik1,...,kr(1− e−t)exλ (t)(20)
=
r!(
eλ (t)−1
)r ∑
0<n1<···<nr−1
1
n
k1
1 · · ·n
kr−1
r−1
∞
∑
nr=nr−1+1
(
1− e−t
)nr
n
kr
r
exλ (t)
=
r!(
eλ (t)−1
)r ∑
0<n1<···<nr−1
(
1− e−t
)nr−1
n
k1
1 · · ·n
kr−1
r−1
∞
∑
nr=1
(
1− e−t
)nr
(nr+nr−1)kr
exλ (t)
=
r!exλ (t)(
eλ (t)−1
)r ∑
0<n1<···<nr−1
(
1− e−t
)nr−1
n
k1
1 · · ·n
kr−1
r−1
∞
∑
nr=1
nr!
(nr+nr−1)kr
∞
∑
l=nr
(−1)l−nrS2(l,nr)
t l
l!
To proceed further, we observe that, for any integer k, we have
(21) (x+ y)−k =
∞
∑
m=0
(−1)m
(
k+m−1
m
)
x−k−mym.
Now, from (20) and (21), we have
∞
∑
n=0
β
(k1,...,kr)
n,λ (x)
tn
n!
=
rt
eλ (t)−1
(
(r−1)!exλ (t)(
eλ (t)−1
)r−1 ∑
0<n1<···<nr−1
(
1− e−t
)nr−1
n
k1
1 · · ·n
kr−1−m
r−1
)
×
1
t
∞
∑
l=1
(
l
∑
nr=1
nr!(−1)
l−nrS2(l,nr)
∞
∑
m=0
(
kr+m−1
m
)
(−1)mn−kr−mr
)
t l
l!
=
rt
eλ (t)−1
∞
∑
m=0
(
kr+m−1
m
)
(−1)m
∞
∑
j=0
β
(k1,...,kr−1−m)
j,λ
(x)
t j
j!
×
∞
∑
l=0
(
l+1
∑
nr=1
nr!(−1)
l−nr−1S2(l+1,nr)
l+1
n−kr−mr
)
t l
l!
=
rt
eλ (t)−1
∞
∑
k=0
(
k
∑
l=0
l+1
∑
nr=1
∞
∑
m=0
(
kr+m−1
m
)
(−1)m
(
k
l
)
×
nr!(−1)
l−nr−1S2(l+1,nr)
l+1
n−kr−mr β
(k1,k2,...,kr−1−m)
k−l,λ (x)
)
tk
k!
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= r
∞
∑
p=0
βp,λ
t p
p!
∞
∑
k=0
(
k
∑
l=0
l+1
∑
nr=1
∞
∑
m=0
(
kr+m−1
m
)
(−1)m
×
(
k
l
)
nr!(−1)
l−nr−1S2(l+1,nr)
l+1
n−kr−mr β
(k1,k2,...,kr−1−m)
k−l,λ
)
tk
k!
=
∞
∑
n=0
(
n
∑
k=0
k
∑
l=0
l+1
∑
nr=1
∞
∑
m=0
r
(
kr+m−1
m
)(
k
l
)(
n
k
)
(−1)m
×
nr!(−1)
l−nr−1S2(l+1,nr)
l+1
n−kr−mr β
(k1,k2,...,kr−1−m)
k−l,λ (x)βn−k,λ
)
tn
n!
,(22)
where βn,λ are the Carlitz’s degenerate Bernoulli numbers with β
(1)
n,λ = βn,λ . Therefore, by (22), we
obtain the following theorem.
Theorem 2. For k1,k2, . . . ,kr ∈ Z and n≥ 0, we have
β
(k1,k2,...,kr)
n,λ
(x) = r
n
∑
k=0
k
∑
l=0
l+1
∑
nr=1
∞
∑
m=0
(
kr+m−1
m
)(
k
l
)(
n
k
)
(−1)m
×
nr!(−1)
l−nr−1S2(l+1,nr)
l+1
n−kr−mr βn−k,λ β
(k1,k2,...,kr−1−m)
k−l,λ (x).(23)
Replacing kr by −kr in (23), we obtain the following corollary.
Corollary 3. For k1,k2, . . . ,kr ∈ Z and n≥ 0, we have
β
(k1,k2,...,−kr)
n,λ (x) = r
n
∑
k=0
k
∑
l=0
l+1
∑
nr=1
∞
∑
m=0
(
kr
m
)(
k
l
)(
n
k
)
×
nr!(−1)
l−nr−1S2(l+1,nr)
l+1
nkr−mr βn−k,λ β
(k1,k2,...,kr−1−m)
k−l,λ (x).
From (16), we have
∞
∑
n=0
(
β
(k1,...,kr)
n,λ
(x+1)−β
(k1,...,kr)
n,λ
(x)
)
tn
n!
=
r!exλ (t)(
eλ (t)−1
)r−1Lik1,...,kr(1− e−t).
=
r!exλ (t)(
eλ (t)−1
)r−1 ∑
0<n1<···<nr−1
1
n
k1
1 · · ·n
kr−1
r−1
∞
∑
nr=nr−1+1
(
1− e−t
)nr
n
kr
r
=
r!(
eλ (t)−1
)r−1 exλ (t) ∑
0<n1<···<nr−1
(
1− e−t
)nr−1
n
k1
1 · · ·n
kr−1
r−1
∞
∑
nr=1
(
1− e−t
)nr
(nr+nr−1)kr
= r
∞
∑
m=0
(
kr+m−1
m
)
(−1)m
(r−1)!exλ (t)(
eλ (t)−1
)r−1Lik1,...,kr−1−m(1− e−t)
×
∞
∑
nr=1
n−kr−mr nr!
∞
∑
l=nr
(−1)l−nrS2(l,nr)
t l
l!
= r
∞
∑
m=0
(
kr+m−1
m
)
(−1)m
∞
∑
j=0
β
(k1,...,kr−2,kr−1−m)
j,λ
(x)
t j
j!
×
∞
∑
l=1
(
l
∑
nr=1
n−kr−mr nr!(−1)
l−nrS2(l,nr)
)
t l
l!
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=
∞
∑
n=1
(
r
∞
∑
m=0
(
kr+m−1
m
)
(−1)m
n
∑
l=1
l
∑
nr=1
(
n
l
)
n−kr−mr nr!
× (−1)l−nrS2(l,nr)β
(k1,k2,...,kr−2,kr−1−m)
n−l,λ (x)
)
tn
n!
.
Therefore, we obtain the following theorem.
Theorem 4. For n,r ≥ 1 and k1,k2, . . . ,kr ∈ Z, we have
1
r
(
β
(k1,...,kr)
n,λ
(x+1)−β
(k1,...,kr)
n,λ
(x)
)
=
∞
∑
m=0
(
kr+m−1
m
)
(−1)m
n
∑
l=1
l
∑
nr=1
(
n
l
)
n−kr−mr
×nr!(−1)
l−nrS2(l,nr)β
(k1,...,kr−2,kr−1−m)
n−l,λ (x).
By the definition of degenerate multi-poly-Bernoulli polynomials, we get
∞
∑
n=0
β
(k1,k2,...,kr)
n,λ
(x+ y)
tn
n!
=
r!(
eλ (t)−1
)rLik1,k2,...,kr (1− e−t)ex+yλ (t).
=
r!(
eλ (t)−1
)rLik1,k2,...,kr(1− e−t)exλ (t)eyλ (t)
=
∞
∑
l=0
β
(k1,k2,...,kr)
l,λ
(x)
t l
l!
∞
∑
m=0
(y)m,λ
tm
m!
=
∞
∑
n=0
(
n
∑
l=0
(
n
l
)
β
(k1,...,kr)
l,λ
(x)(y)n−l,λ
)
tn
n!
.
Thus, we note that
β
(k1,...,kr)
n,λ
(x+ y) =
n
∑
l=0
(
n
l
)
β
(k1,...,kr)
l,λ
(x)(y)n−l,λ , (n≥ 0).
Finally, we note that β
(k1,...,kr)
n,λ
(x) is not a Sheffer sequence.
3. CONCLUSION
In [3], Carlitz initiated study of degenerate versions of Bernoulli and Euler polynomials, namely
the degenerate Bernoulli and Euler polynomials. In recent years, some mathematicians intensively
studied various versions of many special numbers and polynomials and quite a few interesting re-
sults were found about them (see [6,7,9,11-16,18,20]). Here we would like to mention that study of
degenerate versions is not limited only to polynomials but can be extended also to transcendental
functions like gamma functions (see [12]).
In this paper, we considered the degenerate multi-poly-Bernoulli numbers and polynomials which
are defined by means of the multiple polylogarithms. They are degenerate versions of the multi-
poly-Bernoulli numbers and polynomials, and multiple versions of the degenerate poly-Bernoulli
numbers and polynomials (r = 1 case of (16)). We investigated some properties for those numbers
and polynomials. In fact, among other things, we derived some explicit expressions of the degener-
ate multi-poly-Bernoulli numbers and polynomials.
As it turns out, exploration for degenerate versions of some special polynomials and transcen-
dental functions has been very rewarding and fruitful. Indeed, the study of degenerate versions has
applications to differential equations, identities of symmetry and probability theory as well as to
number theory and combinatorics. We let the reader refer to the Conclusion section of [14] for the
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details. It is one of our future projects to continue this line of research and find applications not
only in mathematics but also in science and engineering.
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